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GENERAL PROBLEM OF THE AIRPLAUE.
By Paul and Maurioce Richard.

FIRST PART.
I

The formulas hitherto employed for solving the general prob-
lem of the alrplane are incomplete. They are, in fact, only the

homogeneity ratios of flight equations and it is as independent

variables that the Quantities related to each other by the laws
of the .strength of materials figure in them. Everythlng concern-—
ing the mutual relations of flight and structure 1s therefore &
dlosed domain for them. An important. part of the problem is, by
this very faot, abandoned to empiricism and arbitrary methods.
Such are the discussions without lecglcoal results, often followed
by unsuccessful experiments which teke the place of the mathemat-
1oally correot solution. Henoe the uncertainty in regard to fun-
damental questions, such as: Thick wings or thin? What materials
should be used in any given case? What results oan we hope to
obtain? eto. In reality, the aerodynamioc problem is inseparable
from the méchs.nioa.l problem and both kinds of equations should
together constitute the starting point for every airplans project.
Consequently, the problem is perfeotly defined and the solution,
which ocould formerly be-obta.inad. only by groping and in an unoer-
tain manner, is now obtained mathematiocally in all its ‘Lnera.l

* From "Premier Congrés International de 1a Navigation Aériemne,"
Parlis, November, 1931, Vol. I, pp. 34-33.
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applioations. This is what we have tried to show in the present

- artiéle. "It will be seemn, by the importance of the problems al-
ready solved, that if the new eduations whioh figure in 1% are the
necessary complement of the formulary of the engineer who is de--
signing an alrplane, they cannot be ignored by those who have to
draw up -the plan of aviation 1£aelf. They enable them to solve
ordinary formulas without risk.of falling into the impossible and
to see clearly what programs to lay out and how to direct the ef--
forts of investigators toward points most capable of bringlng

about the desired results.

I? - KIND OF PROBLEMS CONSIDERED.

The problem of the airplans depends on a certain nmumber of
Guantities, the variation of which is limited:

l. By their véry nature. EXxample.- A speed or a carrying ca-
paclty may vary from O to infinity. The modulus of elasticlty of
existing substances varies from O to some definite value. The ef-
ficlenoy of present propellers vﬁries from 0 to N+%, eto.

3. By the system of airplane eQuations, which ocannot be solv-
ed by every combination: of values, separately possible, of the
variables. |

Such being the ocase, we can state two kinds of problems.

All the variables, less one, varying in their whoie domain,
it may happen that the varlation of the latter is limited. For
example, there is a certain speed which it is 1mpossibie to exceed




-3

iu £iight, a carrying ocapaocity which can never be su.rpsssad; 284G,
Inversely, if & definite valus 1s assigued to one of the ~ar-
iables, it may happen that the problem has no molution, if the
other varisbles remain in their domain. The study of the condi-
tions of reality will therefore lead to the determination of what
progress it would be possible to realize in such or suoh branch of'
the art in order that a given performance may become .poasible.
Along with these general problems, there are particular prob-
lems of no less practical interest. If the field of ome or more
of the variables is arbitrarily limited,.what is the correlative
limitation of the fileld of another variable? For example, what 1s
the maximum speed obtalnable with a glven carrylng capacity, vary-
ing within given limits? What is the longest radlus of aotion ob-
tainable with wooden airplanss, etc.? The solution of these last
problems determines the materials to be employed 1n any given case.
By way of illustration, we will enumerate a few problems
#hich e have studied.
The wing sec.:tion end parasite resistance belng given, to de-
termine the maximum characteristios of ‘an airplane.

I. ¥ilitary or "record" airplanecs.
1. Speed:

a) Without conditions;
b) With given ocarrying capacity.

2. Altituq.e:

a) Without conditlon;
b) With given carrying capaoity.




3. Oa.rryiné oé.faoity:

a) Without ocondition;
b) With a given speed.

4. Radius of sotion:

a.g Without condition;
b) With a given speed.

I1I - GENERAL EQUATIONS.

Welght of airplane.- The total weight W of an alrplane com-

prising:

1. The useful load with its accompanying "dead weight" whioch
is proportional to 1%, or u.

3. Welght of engine with all that is required for its support
and operation. This term 1s proportional to the engine power T
for a given number of hours of flight. It can be expressed in
either of the foilowing forms:

arT, rT + 8, (zr + on)7T,
8. being the total Quantity of.ga.soline oai'ried.,_ ¢ the hourly
consumption and n the number of hours of flight.
3. The weight aW (proportional to the total weight W) of
certain parts, such as the hull of a seaplane, the landing gear of
an alrplane, eto. ' -

"4. Weight of the glider, which may be expressed in the form

ast |
W 1+AS'§ s W belng total weight of airplane, B 1its area amd 4
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'a coefficient depending on the kind of oonsfruotion, This formula
which.1is absolutely general for_ the cell, may be written
Pg = A (W -p,)a.

In thds form, it expresses the faot that the welght P of
ths cell is proportional to the load W - p, for which it is oalf_
culated and to the ratio ) of the linear dimensions. Now, ln hom-
othetioc girders, homologous sections remain the same, the lever
arms of streeQes in the girders being multiplied by the same num-
ber A\ as the lever arm of the loads (W - p,). '

Elements. ocaloulated to the point of ocollapse show no dsroga~
tion of thie law, since the section reduired by the compression is
maintained by modifyling its form so as to glve it the necessary
strength. The law still holds true for ocontinuous girders with
full web (or cross-section);, the oaloulation of which is derived
from the disocontinuous case by summation or integratlon; and of
which the multiple supports only have the effeot of introducing
linear oombinations of moments. All these propositlions have been
verified in detail. i

5. The weight of the elevator Pq varies according to the
same law. Anyway, since the weight pq 1s either added or sub-
tracted acoording to the direction of the stress, it i1s more exact
to write pg = BSEkW. Sirce the part of the fuselage which sup-

ports the tall 1s expresée@ in thias same form, it may be inoluded
in the ocoefficient B. '

6. Welght of oovering, which is proportional to 8. By sum-
ming up, we obtain
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W=I[ AS%,}-&-B);Bé +a.] +OSQT_+u.

1l + A8

Experiez;oe has shown that (save for exoe“p{:-i-;na.l ocases, for
- example, that of a.very heavy metal ocovering) the terms Sé and 8
may be inocluded in the principal term, with the aid of a auitai:le
nodificatian of the coeffioclent A. The resulting error may reach
3._.# for a surface variation of 5_st_1ua.1:e meters in 10000. The

final formula is therefore

=W (j_-%s-i—sgq-a).-QT + u.

IV - POLARS OF THE WINGS.

It is found that all the important wing polars may be repre-
sented with an a.ppréxima.tion superlior to that of the experiments

which served to establish them by a formula of the form
Kg =0 + p (Ey - B)?

¢, p and B being constant coefficients varying from one polar
to another. '

Fundamental formulas.- The following are the fundamentel for-
milas employed:
—-A:—SL +'a) +QT +u
1 + 4B, | ) i

=
I

(1)

-1
(3) QO = E
- 75 .

(3) W = af r¥ gi

(4) ('u'B'_B+ §'+ «) W 0* -zapatpw o -p7s tw.ﬂ-é-pti_,*= 0.’




LI I a7 4 L,

The first is the eluation of weight.

The second d.efines, in terms of the speed V, the surfaoce
a.rea. 8 a.nd. the power T ' a variable Q which 1t is convenilent
to consider. _

The third 1s the usual equation for the oelling.

The fourth (in which -g is the coeffiocient of fineness, ¥

the Tatlo 3- of the densities, t the fatlo ¥~ of the sbsolute
() ° -

temperatures and p the average propeller efficiency) is only the

equation of the polar already mentioned expressed in terme of the

variable Q.
SECOND PART.

- MAXIMUM SPEED.
Restrioted Problem.

The ceiling is given, 1i.e. the value of d and the useful
load u. Under these conditlons, equation (4) gives the wvalue of
Q immedlately. _ '

By eliminating Wand T in equtit;ns (1), (3), and (3), we

obtaln
u A®

f (Z,V)ad% v"(;-;: -#) -qv’—-(-;—:—l)-ao

in whloh v = %, 2= 1 + AB‘L

which by the elimination of V bDetween.it and its derivative in
z brings us to the equation ' '
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3T - Ag /a{-;va-y -%aao'

-

with T =lw8z ° v= Z v =/%

from whioch is derived the value of the surface area necessary to
obtain the maximum speed. The eqQuation £(z,v) = O then gives
this speed and the other variables are derived from it: T from
equation (3) and W from equation {3). The characteristics of
an airplane of maximum speed are thus perfectly determined.

General Problem.

The discussion of the preceding equations shows that.ihe. max-
imum speed is a decreasing funotion of u and of Q. Henoe for
the maximum speed, an ailrplane must carry only its pillot, be equip-
ved with the lightest posaible engine per HP and ocarry only suffi-
clent fuel for accomplishing the required performance.

There remains to be determined Vppy in terms of fi. The

eduations

. .
af .2 p 75t _ 0 ]
T u['/ o s *tP

p |
as
glve, by the elimination of o

v: 1 r /p 75t o ] Qv up®
—_— (= - a + -——-a - 0
J e (7‘ ) l : n® 8 N T IY

w
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By eliminating Q) between this eduation and the derived equa-~
.tion.in 0, .we.‘obta.iﬁ_ ' ' '

m e meaemy

(—'e‘) (s'*k) p751-. Tf:‘”‘*“) (‘5%,“1?"0

with : '
k__g751; ’l-_.u.)

_aﬁ\z

-

from whioch is obtailned the value of V whioh glves the general
solution of the pi'oblem.

— MAXTMUM ALTITUDE.
Probl

Formulas (1) and (3), by the elimination of W, give
1 g 1 '
d¥ Ty 8% (a.—l—-llgg) +QT +u=0
+ ASF 7 .

in whioh the variables are separated. The conditions for the max-
aT +u

imum of d are only those for the minimum of _TIT— and for the
maximum of S%(a. -———%)tha.tis, T=% . and
1l + AS

3:8 A°8 + A(L + 4 a.)S& + 8(a -~ 1) = 0 vhence the solution of the
;roblem. The minimm - u® 43 of the funotion S—go

P em. e min E?‘;'; u o ] "';g:"

belng lower juast in propoxtlion as u and 4@ are smeller, we take
for u the welght of the pilot and a value of q ocorresponding |
to the lightest engine and the exact amount of gasoline required

for accompllshing the perfoménce.
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Restrictsd Problem.

(Maximum altitude fox. & glven speed.)

Formula (4) gives d% in terms of Q.
The derivative —g, mede slual to 0, gives

76" A ¢t £ - 150(91: ﬂ'-%“r‘%)x +(:a. +%)(‘é°‘+'% + 4§a>=9

‘he value of 0 gives that of d by formla (4) and the problem

is

then solved without diffioulty.

III - MAXIMUM USEFUL LOAD.
@ eneral Problem.

The derivation of equation (1), whioh combines the weights

(or loads), gives for %‘51 = 0, the equation

and for

3aAs+(2al +A)s§.+a(a-—1)=o

" QT

which are the eduations intervening in the problem of the absolute

naximum oelling.

_ Regtrioted Problem. _
(Maximum useful load for a glven speed.)

If d 1s given such a value that the airplane can fly, equa-
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tion (4) immediately gives the value of (). This being the case,
eduation (1), in which W has been eliminated by the aid of form-

la (3) and T with the ald of formula (3), will assume the fol-
lowing form '

E—f‘ﬁ‘ 2(8) = (5-0)s

with v .
av

= = 1 AS'} = &
SEINLES omed

The anmulment of the derivative f's glves the equation

302 ~2z-1=0

z._=].+,{1+80

4c .

vhenoe

The determination of the other characteristios than presents no
aifficulty. ' )

IV ~ MAXTIUM RADIUS OF ACTION.

The differential dL of the radius of action is given by the

formila
K aw
4aL .-.= B W

B being the fineness. If the latter is constant, which corres-
ponds to the absolute maximum rsdius of aotion for flight at the

ongle of minimum power, the inzegTstion leads without diffioulty

40 the classic fom
’ K
L = 3B log =iy
1+ ’W"
(6}

- - L v ———— s = e e - e e m e e e e e ———— e ey e rm—



If, on the contrary, it i1a desired o iind the maximum radi-

us of action at the maximum speed, the fineness becomss variable

We have: . -
Tt *.- . (o]
A vat=2 J vavw
to W

o being the total consumption in kg/sec. Furthermore, the elimi-
nation of d3 and Q in formulas (3), (3) and (4) leads to the

eduation

. (o]
(d,+§+ua‘)v‘—i-‘s‘-ﬁw-v’--&-;—5—'r\r+g: =0

ey

an edQuation of the second degree 1n which renders it possible
to calculate W and AW in terms of V and &V. The expression
for radlus of aotlion then takes the form

o 4
_8 l/ 5V O4g 3(“*%)" 1
-Lm-ov/%ﬁ""ﬁ - v - ‘”

c
. o+ =
.‘ / PZEV.. '
us B
which, after integration, becomes

L=—B-EI[BQS- Qa~/E -\y‘_mtﬂ

to be taken between the limits , and Q, and where

. O

a ——

P75T w.— +8 E _8_@
p® T . =T .

9 =
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Geperal Problem.

.One fllea at the angle of .leaat power.
The term QT being put in the form rT + &, edquation (1)

glves

8 1 u + rT
= g e §, - S—————,
W

1+4A8 | W
By derivation and by annulment of the two derivatives

dﬁ el
and —E, we obtain
arTdsg

T2 g 3VALP-34x 444V +3V=0

in which :
| 1r=E-;_—_§ T = 5%

TF(Q) 4is the expression for the radius of action.

Ndw, Q1 depends only on the polar and d, which 1s itself a
funotion of W. If W beoomes 1W, d becomes n3d. If there-
fore the value of the expression !ig =M is knwn, (O, and () are
also kmown. It follows that the result of the integration, the
polar being given, depends only on 7m and, for & given 1, the
maximum radius of action 7' will be glven by the maximum of T.
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We arrive at the eGuation

_._.a._ﬂr;.a"ls.*..gl + 4.1;9').4#5'- -3(1~-9%=0

with .
‘a+l-n! o4

A table of the maxima for different wvalues of % has been
prepared, which glves the value of the absolute maximum.

‘o Q
v nmmspmnm-§=a+-é‘r-

As an example of a case in which 1t may be of interest to
throw off the general restriotions imposed at the beginning, we
have added this problem, which relates to airplanes of small wing
" surface, in which the largest cross-seotion of the engine ocannot

o
be diminished so as to maintain a constant -§.

Equation (4) of the.pola.r i1s converted into

.od 1
f(ﬁ)zaﬂ—ﬂv +tp'75=|.|. -5- Bﬂa—i-dﬂ"

The snnulment of the derivative '£'( () gives

3(a - a - B’u)ﬁ‘+3—9ﬁ‘i§t—ﬂ' “_%é-?ﬂ

vhence the value of @ and of V Q.
If the condition of reality

3 3
(z-1) (1-~az) 37 4 4q
5> =7 vT4d

1s fulfilled, the equation
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é‘v’(%-&) - Qq va_._(_;u:_é_l_)'_.n 0

.glvea 2z .in terms of v . and the-problem is soi-ved without diff-
culty. '

CONCLUSION.

The results are presented in the form of tables with multi-

ple entries which are divided into a oertain number of tables with
double entry.

Lack of space prevents us from giving examples and insisting
on the numerous analytical and nomographio methods, which have
made it possible to establish them in the simplest manner. Taken
together, they oonstitute the general solution of the p:r:oblem'of

aviation.



